Many works have stated that nonlinear interactions can improve phase sensitivity beyond the Heisenberg limit scaling of 1/N with N being the mean photon number. This raises some open questions-among them the conclusive sensitivity limits with respect to single-mode inputs.
I. INTRODUCTION
Optical interferometry is−and always was−an essential component of the field of precision measurements at the microscale. In recent years, classical interferometry fails to keep pace with ever-growing performance requirements in resolution and sensitivity. Within this context, utilizing exotic quantum properties to improve performance is an effectual way.
Related to this, quantum precision measurements and the corresponding theoretical science, quantum metrology, emerge as focal points. Owing to the importance of quantum metrology shown in a great deal of areas, it has become one of the most influential quantum technologies [1] [2] [3] [4] .
For many years linear phase estimation has cast its spell over researchers, for numerous parameters of interest can be mapped on an unknown phase in an optical interferometer.
Breaking the classical limits−Rayleigh diffraction limit in resolution and shot-noise limit in sensitivity−is the primary task. As another branch of research in the field of quantum metrology, nonlinear phase estimation [5] [6] [7] [8] has also gained a lot of attention. Unlike wellestablished linear phase estimation, the studies on nonlinear phase estimation face some conceptual and mathematical difficulties. As a consequence, there are some open questions on phase sensitivity to be discussed. The two topical discussions among them are the shotnoise limit and Heisenberg limit, which are applicable for nonlinear phase estimation.
Of the linear phase estimation, an interferometer driven by arbitrary single-mode inputs gives the same sensitivity, which is referred to as the shot-noise limit [9] . Regarding nonlinear phase estimation, an inspired question on whether there exists a shot-noise-style sensitivity limit for single-mode inputs naturally arises. Physically, this limit is related to the optimal strategy after traversing all possible positive operate valued measures (POVMs).
Mathematically, it is given by a proper quantum Fisher information (QFI) [10] calculation, ∆ϕ = 1/ F Q . Jarzyna and Demkowicz-Dobrzański pointed out that an ill-considered direct calculation to the QFI may give rise to a sensitivity limit with overestimation [11] . More recently, with regard to single-mode inputs, Takeoka et al. and You et al. demonstrated that this overestimation can be eliminated in SU (2) and SU(1,1) interferometers, respectively, through the use of phase-averaging approach [12, 13] . For this reason, in this paper we scale this approach to nonlinear phase estimation and address the sensitivity limit for single-mode inputs.
The remaining sections of this paper are organized as follows. Section II introduces our estimation protocol and the fundamental principle of phase-averaging approach. In Sec. III, we take advantage of phase-averaging approach to calculate the QFIs of common singlemode inputs, and the results are analyzed and discussed. Finally, we summarize our work with a brief conclusion in Sec. IV.
II. ESTIMATION PROTOCOL AND PHASE-AVERAGING APPROACH
Our protocol resembles a Mach-Zehnder interferometer but with the linear phase replaced by nonlinear phase, as illustrated in Fig. 1 . An arbitrary state and a vacuum one are injected into a 50/50 beam splitter from two different input ports. After the action of the beam splitter, all photons are redistributed to two modes, whereâ 0 (b 0 ) andâ 1 (b 1 ) are the operators with respect to mode A (B) before and after the beam splitter. The nonlinear phase shift ϕ induced by a Kerr-type medium is imprinted on each photon passing through mode A. Regarding a second-order nonlinear phase shift, its operator form can be expressed
2 ϕ]. Finally, one can perform a special POVM, from which the phase ϕ can be estimated. Throughout this paper, the sensitivity limit for above estimation protocol is our interest.
QFI-only calculations hold true for all POVMs, certainly with possibly hidden resources.
These resources may weaken the tightness of QFI as conventional POVMs contain no hidden resources providing external power or phase reference. Under this circumstance, one is entitled to capitalize on the phase-averaging approach. In what follows, we direct our attention to the QFI calculation with this approach.
According to the framework for the phase-averaging approach, the phase information θ in the input is initialized via operatorsV
where the input in mode A can be expressed as:
Upon completing such treatment, the input turns out to bē
with p n = |c n | 2 being the probability of emerging n photons in the input. Regarding the input in Eq. (3) and phase
, the QFI can be calculated through some bosonic algebra (see Appendix for the details)
with
The operator relation between the output and input modes of the beam splitter can be described as:
Based on this transformation, the result of Eq. (5) is found to be
Combining Eqs. (4) and (7), the QFI of our protocol is recast as:
It is by no means easy to obtain a mathematically tractable expression instead of an infinite series. As a result, we utilize a numerical method by terminating the series at a fidelity in excess of 0.99. The fidelity between two density matrices is defined as
withρ being the density matrix after truncated operation.
Of the linear phase estimation, the QFI in Eq. (7) is n; accordingly, the QFI in Eq. (8) is equal to the mean photon number N . That is, the sensitivity limit is shot-noise limit, regardless of photon distribution in the input. However, there is no a shot-noisestyle sensitivity limit in nonlinear phase estimation, since QFI in Eq. (8) depends on the probability of photon number.
III. QFI CALCULATIONS BASED ON PHASE-AVERAGING APPROACH
At the end of the preceding section, the QFI based on phase-averaging approach is analyzed. Here we take advantage of this approach to discuss three kinds of common inputs:
Gaussian states, squeezed number states, and Schrödinger cat states.
A. Gaussian states
Gaussian states, whose Wigner functions follow the Gaussian distribution, are crucial resources to the field of continuous-variable quantum information processing. Related to this, many states play important roles in quantum metrology, such as single-and two-mode squeezed vacuum states [14, 15] . An arbitrary single-mode Gaussian state can always be written by a squeezed displaced thermal state [16] , defined as
where ρ t = n n n th |n n| (n th + 1) n+1 stands for the density matrix of a thermal state with n th photons on average,Ŝ (r) = exp[(ξ * â2
) denote squeezing operator and displacement operator, respectively, with α = |α| e iφ and ξ = re iχ .
The squeezing operator produces the following Bogoliubov transformation
The action of the displacement operator over the creation and annihilation operators is given
To such a Gaussian state there corresponds the mean photon number,
With taking several specific values, we have the mean photon numbers of common states:
N t = n th for thermal states (|α| = r = 0); N c = |α| 2 for coherent states (n th = r = 0); N sv = sinh 2 r for squeezed vacuum states (|α| = n th = 0). Moreover, the photon number distribution of a Gaussian state can be calculated as [17] 
where µ = 2n th + 1, and H n (·) is the nth-degree Hermite polynomial, defined as [18] 
Based on above results, the QFIs of some special Gaussian states will be discussed in the following. We first consider thermal states. They can be thought of as the cornerstone of Gaussian states, in that each Gaussian state can decompose into thermal states. A thermal state is the superposition of number states whose weight follow Bose-Einstein statistics, its photon number distribution is given by
Now we turn our attention to coherent states, a class of important resources in quantum information processing. They are the eigenstates of the annihilation operators, and form an overcomplete basis due to their nonorthogonality. The probability of finding n photons in a coherent state can be written as
Next, we consider squeezed vacuum states. There are only even photons appear in photon number distribution of a squeezed vacuum, since it arises from parametric down-conversion processes. The specific number distribution is as follows:
So far, we have revisited three states: thermal states, coherent states, and squeezed vacuum states. The photon number distributions of above three kinds of states contain merely a single tunable parameter. In Fig. 2 To find out the reason for advantages stemming from squeezed vacuum and thermal states, we provide the photon number distributions of these states in Fig. 3 . It can be seen from Fig. 3(a) that the photon number distribution of the squeezed vacuum is more dispersed than that of the coherent state. As a consequence, the squeezed vacuum has many high-photon probabilities in its photon number distribution. Although these probabilities are small, they contribute the most of the QFI. This is because the QFI of a number state grows exponentially with the increase of photon number, as shown in Eq. (7). In Fig. 3(b) , the thermal state shows the similar trend with the squeezed vacuum in Fig. 3(a) . That is, there is the same reason why the QFI of the thermal state is better than that of the coherent state. Related to this, upon removing zero probabilities of all odd photon numbers from the squeezed vacuum, one can find that it is similar in photon number distribution to the thermal state [19] . Until now, squeezed vacuum states are the optimal input. At the last part of this section, we calculate the QFI of a more complex Gaussian state−squeezed coherent state. They are once known as two-photon coherent states in history [20] . The probability of emerging n photons in a squeezed coherent state is
By taking the value of n th in Eq. (15) as 0, one gets the mean photon number of a squeezed coherent state
It is exactly equal to the sum of the mean photon number of a coherent state and that of a squeezed vacuum. Hence, for a given total photon number, we can determinate a squeezed coherent with two parameters: coherent weight, z = N c /N sc ; and relative phase, φ − χ. For simplicity, here we select χ = 0 and, as a result, φ stands for the relative phase.
In In this section, the discussion moves on to a non-Gaussian state−squeezed number state [21, 22] . With regard to a number state |m , it can be expressed as |ψ =Ŝ (r) |m , the corresponding mean photon number is found to be
Unlike Eq. (27), it is not equal to the sum of the mean photon number of a number state and that of a squeezed vacuum.
The photon number distribution of a squeezed number state is given by
The cosine term cos 2 [(m − n) π/2] is not physical reality, but a mathematical means of screening the parity of photon number. Further, the parity of photon number distribution in the squeezed number state hinges on the parity of the number state. That is, to every odd number m there corresponds a squeezed number state containing only odd photon probabilities, and vice versa.
Here we merely take account of a squeezed one-photon state. According to Eq. (29), its photon number distribution can be obtained,
The QFI and photon number distribution of the squeezed one-photon state are shown in Fig. 5 , as a comparison, we also give those of the squeezed vacuum. Figure 5 (a) suggests that the QFI of the squeezed vacuum is superior to that of the squeezed one-photon state. 
C. Schrödinger cat states
In this section, we report on another important class of non-Gaussian states, Schrödinger cat states. The form of a general Schrödinger cat state [19, 23] can be expressed as
where δ is a tunable phase, and H is responsible for normalization, By using the inner product between two coherent states
we can calculate the mean photon number of a Schrödinger cat state
Further, by means of Fock basis, the photon number distribution of an even coherent state can be obtained
Similarly, one can get the photon number distribution of an odd coherent state,
and that of a Yurke-Stoler coherent state,
It should be noted that, despite the difference in the ket expressions, a Yurke-Stoler coherent state and a coherent state have the same photon number distributions. That is, the QFIs of these two states are identical. In Fig. 6(a) , the QFIs of these cat states are plotted. The result manifests that all states approximately exhibit the same QFI. To interpret this phenomenon, we give the photon number distributions of them in Fig. 6(b) . As can be seen from the figure, three cat states have the same photon distribution interval. Combining Eqs. (36) and (38), we discuss this phenomenon through the analysis of the even coherent state and Yurke-Stoler coherent state.
Given an even photon number, the probability of the even coherent state is twice as much 
since p ec (2n) ≈ 2p ys (2n) ≈ 2p ys (2n + 1). Further, one can understand why the QFIs of these three cat states are approximately the same. Overall, the squeezed vacuum prevails over these cat states; as a consequence, the squeezed vacuum is the optimal candidate for the input of an interferometer with a nonlinear phase.
IV. CONCLUSIONS
In conclusion, we focus on the conclusive nonlinear phase sensitivity limit for an MZI with a single-mode input. Regarding a second-order nonlinear phase inside the interferometer, we discuss the existence or non-existence of shot-noise-style sensitivity limit. The QFI is selected as a benchmark for the estimation of optimality. In order to circumvent possible overestimation induced by the external resources, we take advantage of phase-averaging approach to calculate the QFI of our protocol. We consider three kinds of common states, including Gaussian states, squeezed number states, and Schrödinger cat states. The results indicate that there is no shot-noise-style sensitivity bound on nonlinear phase estimation, and the optimal input is a squeezed vacuum.
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APPENDIX
In this section, we give the proof of Eq. (4). For a density matrix ρ = ρ a ⊗ ρ b , based on the spectral decompositions ρ a = j p j |ψ j ψ j | and ρ b = m q m |ϕ m ϕ m |, a well-known expression for the QFI is given by
where L k = p j q m , and |φ k = |ψ j A ⊗ |ϕ m B denotes a complete set basis in the two-mode Hilbert space.
In our protocol, we have ρ a = n p n |n n|, ρ b = |0 0|, andÔ =Û † BS (â † 1â1 )
2Û
BS . Further, the QFI can be expressed as: 
One can find that the first two terms can be written as:
The proof of Eq. (4) 
